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TOPOLOGY OF PRE-IMAGES UNDER ANOSOV
ENDOMORPHISMS
MOHAMMAD SAEED AZIMI AND KHOSRO TAJBAKHSH
Abstract. For an endomorphism it is known that if all the points in the
manifold have dense sets of pre-images then the dynamical system is transi-
tive. The inverse has been shown for a residual set of points but the the exact
inverse has not yet been investigated before. Here we are going to show that
under some conditions it is true for Anosov endomorphisms on closed mani-
folds, by using the fact that Anosov endomorphisms are covering maps.
1. Introduction
It is well known for non-injective endomorphisms that if for every point the
set of pre-images of that point is dense in the manifold then the endomorphism is
transitive (i.e. there exists a point that its orbit is dense in the manifold) and in [4]
Lizana and Pujalz have used this to prove rigidity of transitivity for a special class
of endomorphisms on Tn. A very important class of endomorphisms is the class
of Anosov endomorphisms. In [3], Lizana, Pinheiro and Varandas have shown that
for robustly transitive local diffeomorphisms there is a residual set of point in the
manifold such that the points in this set, each one has dense set of pre-images. Here,
we use a topological approach, specially the fact that Anosov endomorphisms on a
closed manifold are covering maps. We are going to investigate specially about the
pre-images of periodic points and show the reciprocative of the well known result
above is true for transitive Anosov endomorphisms under some conditions over the
geodesics defined by eigenvectors of Dfx for every point. So the set of pre-images
of every point is dense in the manifold. Also we will introduce a counterexample
for the situation without those conditions.
In this paper, we take all the manifolds to be a closed Riemannian manifold.
Starting from [7] and [5], the definition of Anosov endomorphism has been an
important generalization method of the well known definition of Anosov diffeomor-
phisms;
Definition 1. Let f ∈ diffr(M), a compact subset Λ ∈M is called hyperbolic with
respect to f , if for every point p ∈ Λ there is a splitting; TpΛ = Esp ⊕Eup and there
are C > 0 and 0 < λ < 1 such that Df(Esp) = E
s
f(p), Df(E
u
p ) = E
u
f(p) and for all
integer n ≥ 0;
∀v ∈ Esp ||Dfnp v|| ≤ Cλn||v||,
∀u ∈ Eup ||Df−np u|| ≤ Cλ−n||u||.
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If Λ = M then f is called Anosov diffeomorphism.
Example 1. [1] Define A : T2 → T2 to be;[
2 1
1 1
]
(mod1)
This is a linear map on R2 and its eigenvalues are 3±
√
5
2 which are greater and lesser
than one and the eigenspace is the whole T2 so it is an Anosov diffeomorphism.
Also note that detA = 1.
Remark 1. Considering the map f : M →M , for every point x ∈M , the orbit of
x, Ox is {fn(x)|n ∈ N}. The trajectory of x, (xj)j∈Z such that x0 = x, xj ∈ {f j(x)}
and f(xj) = xj+1. Notice that if f is not injective then card({(xj)j∈Z}) > 1, but if
it is an injective map then the trajectory of each point is unique.
In the case where the map is not injective hyperbolicity is defined considering
not just the points but their trajectories under the map.
Definition 2. Let f : M → M be a local diffeomorphism, f is called Anosov
endomorphism if for every trajectory (xn)n∈Z with respect to f , for all i ∈ Z,
Df(Esx0) = E
s
f(x0)
, Df(Euxi) = E
u
xi+1 , TxiM = E
s
xi ⊕ Euxi and there exist C > 0
and 0 < λ < 1 such that;
∀v ∈ Esxi ||Dfnxiv|| ≤ Cλn||v||,
∀u ∈ Euxi ||Dfnxiu|| ≥ Cλ−n||u||.
There is also another way to define Anosov endomorphism;
Definition 3. [8] A C1 local diffeomorphism f : M → M is called Anosov endo-
morphism if Df uniformly contracts a continuous sub-bundle Es ⊂ TM into itself,
and the action of Df on TMEs is uniformly expanding.
An important result about the definitions above is the continuity of the splitting
defined in them ( see [7],[9]).
Example 2. [7] Define B : T2 → T2 to be;[
n 1
1 1
]
(mod1), (n ∈ {3, 4, 5, ...})
The eigenvalues are
(n+1)±
√
(n+1)2−4(n−1)
2 and for n > 2, like the previous example,
both of them are greater than zero, one of them is lesser than and the other is greater
than one and the eigenspace is the whole manifold so according to definition 2, this
is an Anosov endomorphism.
The main difference between Anosov diffeomorphisms and Anosov endomor-
phisms comes in to notice in the matter of structural stability. In his thesis Shub
claimed that by a procedure similar to the expanding maps, non-injective Anosov
endomorphisms are structurally stable. But in [7], Przytycki proved him wrong,
although in the same paper he showed the inverse limit stability of Anosov endo-
morphisms. Another main difference as it is mentioned above, is the definition of
unstable manifolds based on the trajectories so that they can be non-unique [6].
An important characteristic of non-injective Anosov endomorphisms is that they
are non-trivial covering maps of the manifolds they are defined on [2]. In this paper
we are going to use this property among other things to show that under a certain
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condition an Anosov endomorphism is transitive if and only if the set of pre-images
of any point is dense in the manifold;
Theorem 1 (Main theorem). Let f : M → M be an Anosov endomorphism and
for every point x ∈M , geodesics defined by eigenvectors of Dfx be dense in M or
f is a product of maps with this condition then the set of pre-images of each point,
is dense in M if and only if f is transitive.
2. Proof of the main theorem
Definition 4. A continuous map f : M → M is called transitive if for every pair
of non-empty open sets U, V ⊂M , there exists n ∈ N such that fn(U) ∩ V 6= φ.
There is this well known proposition about transitivity;
Proposition 2. ([1], proposition 2.2.1) Let M be a complete space without any
isolated point and f : M →M ,continuous, f is transitive, if and only if there exists
p ∈M such that Op = M .
In the context of dynamical systems, because of the manifolds they take in to
account, the proposition above is often considered as the definition of transitivity.
Another well known result in the matter of transitivity is about hyperbolic linear
automorphisms;
Proposition 3. [1] Let A : T2 → T2 be a hyperbolic linear toral automorphism,
A is transitive.
If f is a diffeomorphism then definition 4 is also true for f−1, so in that, the set
N can be changed to {−1,−2,−3, ...} and the definition remains intact. But in the
case of Anosov endomorphisms, f−1 is meaningless but we can still investigate the
set of pre-images of the points in M under Anosov endomorphisms.
In the following, we also need these two definitions;
Definition 5. Let f : M → M be a transitive Anosov endomorphism, for each
point x ∈M we call the dim(Esx), index of f .
Note that because of the continuity of the splitting in the definition of Anosov
endomorphisms and because the map is transitive, index of f does not change by
points.
Definition 6. Let f : M → M be an Anosov endomorphism with n number of
pre-images for each point in M (n number of sheets for the covering it makes), we
call n, the degree of an Anosov endomorphism f .
Remark 2. For Anosov maps the degree is the same for every point because if
there are points with different degree then the map has singularities in some points
which is not possible for Anosov maps. Although by simple modifications, we can
also deduce the result of this paper to the maps that have finitely many degrees
over the manifold.
Remark 3. Anosov endomorphisms are covering maps and except for Anosov
diffeomorphisms, they are not trivial and the manifolds on which they are defined,
are evenly covered [2]. Since in this paper we take the manifold M to be a closed,
there are a finite number of sheets for these covering maps and the number equals
the degree of the Anosov endomorphism.
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Also the determinant of Jacobian of the Anosov endomorphism equals the degree
of the map [7].
Let f : M → M be a transitive Anosov endomorphism, (f,M) is a cover for
M . Considering the endomorphism f , because M is compact there is a finite
number of sheets (equal to the degree of f), S(1), S(2), S(3), ..., S(k) ⊂ M , each
of them homeomorphic to M under f |S(i) : S(i) → M and for every point x ∈ M
there is a d1 > 0 such that if i 6= j, d(x(i), x(j)) > d1 for all x(i) and x(j)
in f−1(x) and uniquely in S(i) and S(j). Also for every 1 ≤ j ≤ k, S(i, j) :=
(f |S(i))−1(S(j)) ⊂ S(i) and f2|S(i,j) → M is a homeomorphism. This also means
that the interior of S(i, j) is not empty and diam(S(i, j)) > 0 for all i and j. So
(f2,M) is a cover for the manifold with exactly, k2 sheets such that there are k
sheets as subsets of each S(i), we denote them by S(i, 1), S(i, 2), . . . , S(i, k) ⊂ S(i)
and each of them is homeomorphic to M by f2. So considering all S(i)s, there
are k2 sets S(i1, i2) ⊂ M . By induction, for every n ∈ N, (fn,M) is a cover
for M with kn sheets. Also M is evenly covered and S(i1, i2, i3, . . . , in)s do not
intersect. For every sheet S(i1, . . . , in), the map f
n|S(i1,...,in) : S(i1, . . . , in) → M
is a homeomorphism and there is dn > 0 such that for every pair of the nth pre-
images of x, x(i1, . . . , in) and x(j1, . . . , jn) respectively in sheets S(i1, . . . , in) and
S(j1, . . . , jn), d(x(i1, . . . , in), x(j1, . . . , jn)) > dn.
We saw that S(i1, . . . , in−1, in)s are subsets of S(i1, . . . , in−1) and following this,
step by step, finally they are subsets of S(i1). In every sheet of (f
r,M) there are
k sheets of (fr+1,M) and dr+1 =
dr
k so dr+1 =
d1
kr+1 and so on.
About the distribution of the sheets of the covers (fn,M)s, by the context above
we have: For all open sets U ⊂ M and for all n ∈ N, there is a sheet S(i1, . . . , in)
of the cover (fn,M) such that S(i1, . . . , in) ∩ U 6= ∅. As l ∈ N gets greater, if we
consider the sheets S(i1, . . . , in, . . . , in+l) ⊂ S(i1, . . . , in) of (fn+l,M) then there
exists N ∈ N such that for all m > N there is S(i1, . . . , im)∩U 6= ∅ and for all l ∈ N,
S(i1, . . . , im, . . . , im+l) ∩ U 6= ∅. If f was an expanding map then the intersection
of the sheets with U would be inclusion which would give the density of pre-images
of every point (See proposition 13).
Similar to the diffeomorphism case we have the two following propositions;
Proposition 4. Let M be a compact metric space and f : M → M be an endo-
morphism. If f is transitive then for every pair of non-empty open sets U and V
in M , there is n ∈ N such that f−n(U) ∩ V 6= φ.
Proof. Suppose U and V to be open sets in M and k be the degree of f . There is
n ∈ N such that we have fn(U)∩V 6= ∅ then f−n(fn(U)∩V ) 6= ∅; but f−n(fn(U)∩
V ) = f−n(fn(U))∩f−n(V ) and f−n(fn(U)) is the union of the sets U(i1, . . . , in) =
f−n(fn(U))∩S(i1, . . . , in). There is U(i1, . . . , in) = U and because fn is a covering
map, each one of U(i1, . . . , in)s is homeomorphic to U and U(i1, . . . , in)∩f−n(V ) 6=
∅ for all (i1, . . . , in) (ir ∈ {1, . . . , k}). Hence U ∩ f−n(V ) 6= ∅.

The following proposition is a crucial fact about Anosov endomorphisms;
Proposition 5. ([7], proposition 3.2) Let f : M →M be an Anosov endomorphism
then per(f) = Ω(f).
Now we want to see if there is a point which its set of pre-images is dense in the
manifold, first we have this rather obvious result;
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Lemma 6. Let f : M →M be a transitive Anosov endomorphism; if a set is dense
in M then also the set of its pre-images is dense in M .
Proof. f is an Anosov endomorphism so, as we mentioned above fn is a covering
map for M for every n ∈ N therefore each sheet of every cover (fn,M) for M , is
homeomorphic to M so if a set is dense in M then its pre-image in each sheet of the
cover is dense in that sheet. M is the union of the sheets of a cover (fn,M). Thus
the set containing union of the pre-images of a dense set of M is dense in M . 
It implies that the points which have dense orbits have dense sets of pre-images;
Proposition 7. Let M be a closed manifold and f : M → M be an Anosov
endomorphism then every point with a dense orbit, has a dense set of pre-images.
Proof. Suppose that p ∈ M is a point with dense orbit. For each  > 0 there
exists n ∈ N such that {f(p), f2(p), . . . , fn(p)} is -dense in M . In every sheet
S(i1, i2, . . . , in) ⊂M , of the cover (fn,M) the subset of pre-images of the point p,
(fn|S(i1,i2,...,in))−1({f(p), f2(p), . . . , fn(p)}), is homeomorphic to {p, f(p), f2(p), . . . , fn−1(p)}
under fn : S(i1, i2, . . . , in) → M , and it is -dense in M. Because  and also
S(i1, i2, . . . , in) are chosen arbitrarily, by Lemma 6, the set of the pre-images of p
is dense in M . 
Notice that because a linear Anosov endomorphism is transitive and there is
a large set of points with dense orbit under it in Tn, the Lemma and proposition
above are true for such systems. Specially because the points with dense orbit are
dense in Tn, Lemma 7 shows that the set of the points with dense set of pre-images
is at least dense in Tn. We are going to investigate this more precisely on closed
manifolds.
By modifying an important results about Anosov diffeomorphisms,[11] we have;
Proposition 8. The set of points with dense set of pre-images under a transitive
Anosov endomorphism, is at least a dense set in M .
Proof. For every  > 0 there exists a finite basis β = {B1, B2, . . . , Bn} for M
consisting of -discs. Denote ∪∞i=1f i(Bj) by Ej . Because f is an Anosov endomor-
phism, it is an open map and because f is also transitive, Ej is open and dense. M
is a Bair space so ∩nj=1Ej 6= ∅ and there exists a point p ∈ ∩nj=1Ej then for every
1 ≤ j ≤ n there is i ∈ N such that p ∈ f i(Bj). So f−i(p) ∩ Bj 6= ∅. Because it is
true for all  > 0 and all the points in ∩nj=1Ej , the set of the points with dense set
of pre-images is dense in M . 
Theorem 9. [7] Let f : M →M be an Anosov endomorphism then there is  such
that for any trajectory (xi)i∈Z of any x ∈M the set;
W sxi, = {y ∈M |∀n ∈ N d(fn(y), fn(xi)) < }
is a manifold which is called local stable manifold of x, and the set;
Wuxi, = {y ∈M |∃(yn)0−∞ ∀n ∈ N d(y−n, xi−n) < }
is a manifold which is called local unstable manifold of xi related to the trajectory
(xi)i∈Z under f .
Following the theorem above we have;
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Definition 7. The sets;
W sx = ∪∞i=0f−n(W sfn(x),)
and
Wux = ∪∞i=0fn(Wux−n,)
respectively are called the stable and unstable sets of the point x ∈M .
Notice that W
s(u)
x = {y ∈ M |d(fn(y), fn(x)) → 0(∞)}. Also note that the
stable and unstable sets defined above may not even be submanifolds if the degree
of f is greater than one.
If f : M → M be a transitive diffeomorphism then the stable and unstable
manifolds of every points are dense in M [1]. An essential concept that make this
happen, is local product structure of M under f [9]. An endomorphism is locally
diffeomorphism so by indicating τ such that Wuτ be unique for each point, and
modifying the definition for the Anosov-endomorphisms case we have;
Definition 8. A closed hyperbolic invariant set is said to have a local product
structure if for small  < τ and δ, Wu,x∩W s,y is unique and belongs to the hyperbolic
set whenever d(x, y) < δ.
Also in [7], Przytcky has shown this in the inverse limit space. Therefore exactly
the same as the diffeomorphism case,[9] we have;
Proposition 10. Let f : M → M be a hyperbolic endomorphism, if Per(f) is
hyperbolic then it has a local product structure.
The maps we are studying are Anosov and by proposition 5, the set of periodic
points is dense in M so the whole manifold has a local product structure under f
and modifying proposition 5.10.3 of [1] we have;
Proposition 11. Let f : M → M be an Anosov endomorphism and Ω(f) = M
then the pre-images of stable and unstable sets are dense in M .
Proof. With an argument like the diffeomorphism case, the unstable manifold of a
point, is dense in M also Przytcky in [7], has proved this by lifting f to inverse limit
space. So by the proposition 6 its set of pre-images is dense in M . We show that
the set of pre-images of a stable manifold of every point is dense. By proposition
5, the set of periodic points under f , is dense in M so it is -dense in every sheet
of each one of the covers (fn,M), for every n ∈ N. Suppose that  is chosen such
that there exists δ > 0, if d(x, y) < δ (x, y ∈ M), then for each trajectory (yi)i∈Z,
W s,x ∩Wu,(yi) contains exactly one point and following the statements before the
proposition, if  is small enough, it meets the conditions of local product structure
definition. Now consider B := {pi ∈ Per(f)|i = 1, 2, . . . , N} to be an 4 -dense set in
M so that local unstable manifold of each point in B transversally intersects with
local stable manifold of the points in B -close to it.
Suppose that τ ∈ N the product of the periods of all the points in B and put
g = fτ . Suppose that S(j1, j2, . . . , jr) is a sheet of the cover (f
r,M) (let deg(f) =
k) and {pi(j1, . . . , jr)|i = 1, 2, . . . , N} is the pre-image of B in S(j1, . . . , jr), under
g. Let W sx(j1, . . . , jr) be the pre-image of W
s
x for every x ∈M , in S(j1 . . . , jr). We
have;
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Lemma 12. With the assumptions above, if d(W sy (j1, . . . , jr)), pi) <

2 and d(pi, pl) <

2 then there are m ∈ N and S(j1, . . . , jr, . . . , jr+l), a sheet of the cover (gm,M)
and a subset of S(j1, . . . , jr), such that;
d(g−m(W sy (j1, . . . , jr, jr+1)), pi(j1, . . . , jr, jr+1)) <

2
and
d(g−m(W sy (j1, . . . , jr, jr+1)), pl(j1, . . . , jr, jr+1)) <

2
.
Proof. There exists z ∈W sy (j1, . . . , jr) ∩Wu
2 ,pi
(j1, . . . , jr) so there is a t0 ∈ N such
that d(gt(z), pi) <

2 for every t > t0. So d(g
−t(z), pl) < . Therefore like in the pre-
vious step there exists a point w ∈W sgt(z)(j1, . . . , jr, . . . , jt)∩Wu2 ,pl(j1, . . . , jr, . . . , jt).
Hence there is a b0 ∈ N such that g−b(w) ∈ S(j1, . . . , jr, . . . , jt, . . . , jb) and d(g−b(w), pl) <

2 for every b > b0. Taking S(j1, . . . , jr, . . . , jr+l) = S(j1, . . . , jr, . . . , jr+t, . . . , jb)
and m = b0 + t0, the proof completes. 
Since M is compact and connected, any two periodic points p1 and p2 can be
connected together by a path containing not more than N periodic points with
less than 2 distance between any two consecutive periodic points. By the Lemma
above, for any x ∈ M and  > 0 g−Nm(W sx) is -dense in a sheet of the cover
(fNmτ ,M) and a subset of S(j1, . . . , jr). Because it is correct for every  and the
sheet S(j1, . . . , jr) is chosen arbitrarily, the proposition follows. 
We saw that the set of pre-images of a point with dense forward orbit under
a linear Anosov endomorphism A : Tn → Tn which is not an expanding map, is
dense in Tn. About Anosov diffeomorphisms, this is it but for expanding maps we
have this well known result;
Proposition 13. Let f : M → M be an expanding map, each point in M have a
dense set of pre-images in M .
Proof. Suppose that D is an -disk in M , for every  > 0. Since f is an expanding
map, there exists H ⊂ D and n ∈ N such that fn(H) = M . Therefore for every
p ∈M there is x ∈ f−n(p) ∩D. 
For Anosov endomorphisms which are not diffeomorphisms or expanding maps,
it is different from diffeomorphisms because they are non trivial covering maps also
it is different from expanding maps because they also have a contracting factor.
Therefor in addition to the points with dense orbit we are going to investigate
about pre-images of the points that their orbits and hence their ω-limit sets have
various topological properties.
Notice that each periodic point under an Anosov endomorphism is also an image
of a non-periodic point. It is because of the degree of the Anosov endomorphism
being greater than 1 and pre-image set of any point contains more than one point
but at most one of them is periodic. So we have;
Proposition 14. Let f : M → M be an Anosov endomorphism then the set
of pre-images of the set of all the periodic points, ∪n∈Nf−n(Per(f)) such that
f−i(Per(f)) = ∪x∈Per(f)f−i(x), is dense in M .
Proof. Because f is an Anosov endomorphism on a closed manifold M , we have
Per(f) = M . So by Lemma 6 the set containing all the pre-images of all the
periodic points is dense in M . 
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Now we investigate the pre-images of an arbitrary periodic point under transitive
Anosov endomorphisms. First there are some examples that the pre-images of at
least some of the fixed points are not dense in the manifold;
Example 3. Define B : T3 → T3 to be;2 0 00 2 1
0 1 1
 (mod1).
The eigenvalues are 2 and 3±
√
5
2 and it is a transitive Anosov endomorphism defined
by the product of doubling map over S1 and A in the example 1 over T2. For any
point in T3, the geodesic defined by the eigenvalue 2’s eigenvector is S1 which is
not dense in M . obviously the set of pre-images of the fixed point (0, 0, 0) ∈ T3 is
dense in S1 × (0, 0) and is not dense in M . This can also be stated by this;
Remark 4. If there exists a factor (A semi conjugate map) f : N → N for the
Anosov endomorphism F : M →M such that f is an Anosov endomorphism or an
expanding map and the projection of F on MN is an Anosov diffeomorphism then
the pre-images of any point p ∈ M , are distributed in {p} × N and if p is fixed
under F then, like the example above, its set of pre-images is not dense in the whole
manifold.
This condition in the study of rigidities in Anosov group actions is commonly
called reducibility [10].
So it is possible for the pre-images of a fixed point (or periodic point) under an
Anosov endomorphism to be dense in a non trivial subset of M but in many cases
they are dense in M ;
Theorem 15. Let f : M → M be a transitive Anosov endomorphism such that
for every point x ∈ M geodesics defined by eigenvectors of Dfx are dense in M ,
then the periodic points have dense sets of pre-images under f .
Proof. Without any loss of generality, let p ∈ M be a fixed point and k to be
the degree of f and {x(i) ∈ S(i)|i ∈ {1, . . . , k}} = f−1(p). Then define for each
x(i) ∈ f−1;
α−1(x(i)) := min
x(j)∈f−1(p)
(d(x(i), x(j)))
and;
β−1 := max
x(i)∈f−1(p)
(α−1(x(i))).
β−1 is the maximum distance possible between a point in f−1(p) and its nearest
point in f−1(p) that is not equal to the first one. Then for every n ∈ N define β−n
for the points in f−n(p) in the same way. (fn,M)s are covers for M and since M is
a closed manifold, as n gets bigger the volume of each sheet of the cover gets smaller
accordingly and so the distance between the pre-images of each point gets smaller
(See remark 3). Hence for every point x(i1, . . . , in) in f
−n(p) = {x(i1, . . . , in) ∈
S(i1, . . . , in)|i1, . . . , in ∈ {1, . . . , k}};
α−n(x(i1, . . . , in)) = min
x(j1,...,jn)∈f−n(p)
(d(x(i1, . . . , in), x(j1, . . . , jn))) ≤ α−1(x(i1))
kn
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and similarly;
β−n = max
x(i1,...,in)∈f−n(p)
(α−n(x(i1, . . . , in))) ≤ β−1
kn
.
This means that for every  > 0 there is n ∈ N such that β−n < .
Now connect each pair of points x(i1, . . . , in) and its nearest points in {f−n(p)}
with geodesics by the length α−n(x(i1, . . . , in)), between them. By this procedure
we will have a subset of M consisting of some connected components cn1 , . . . , c
n
tn
(tn ∈ N), in which f−n(p) is β−n-dense. These components are disconnected be-
cause for every point in them there are other points in the same connected com-
ponent with less distance than the points in other components. Now connect the
components by a geodesic cn(i, j) such that i, j ∈ {1, . . . , tn}, from the two points
x(i1, . . . , in) ∈ cni and x(j1, . . . , jn) ∈ cnj that have the least distance. We call
this set ξ−n(p). For every  there is m > n and the cover (fm,M) such that for
x(i1, . . . , in) ∈ cni and x(j1, . . . , jn) ∈ cnj , d(f−m(x(i1, . . . , in)), f−m(x(j1, . . . , jn))) <
. Now by connecting the points in f−m(p) by geodesics and repeating the process
above, we have ξ−m(p) in which f−m(p) is -dense. Thus for every  there is m ∈ N
and ξ−m(p) ⊂ M such that f−m(p) is an -dense subset in ξ−m(p). As m goes to
infinity there is a subset of M in which limm→∞ f−m(p) is dense;
Lemma 16. There exists the set ξp := limm→∞ ξ−m(p) in which limm→∞ f−m(p)
is dense.
Proof. Suppose the opposite, so there is N ∈ N and  such that for all n > N
there exists a point x ∈ ξ−n(p) such that d(x, f−n(p)) > . Then by considering
the definition of ξ−n(p)s, for all n > N there are x(i1, . . . , in) and x(j1, . . . , jn) in
f−n(p) so that for every two trajectories (x−m)m∈N and (y−m)m∈N such that x−j
and y−j respectively are in f−m(x(i1, . . . , in)) and f−m(x(i1, . . . , in));
lim
m→∞d((x−m)m∈N, (y−m)m∈N) 6= 0
which by remark 3 is a contradiction with the definition of x(i1, . . . , in)s. 
Now let Dδ(p) be a δ-disc around p where δ < τ in definition 8 and let Vis
be the eigenvectors of dfp and W
i
ps be the geodesics defined by Vis. Also W
i
p,δ :=
W ip∩Dδ(p). Let (xj) be a trajectory of p, in the pre-images of f , the contraction is on
the W ixj s where W
i
p,δ ⊂Wup,δ and the sheets of the covers (fn,M) are made because
of that contraction. Also f−n(p) ⊂ f−n(Wup,δ). So if there exists r1, r2, . . . , rl such
that W ip,δ ⊂ Wup,δ, i = r1, . . . , rl, and W ips are not dense in M then there exists
a nowhere-dense subset L in M , that is defined in each point y ∈ L by parallel
translation of V ip s then f is an expansion on L and for all n ∈ N, f−n(L) ⊂ L so if
p ∈ L then all the pre-images of p remain in L hence they are not dense in M . So
those W ips that W
i
p,δ ⊂Wup,δ have to be dense in M .
The procedure above is the geometric counterpart of irreducibility because fol-
lowing that there cannot be any non-trivial endomorphism factor for the Anosov
endomorphism (See remark 4 and example 3).
Now following the proof, let ξp,δ := ξp ∩ Dδ(p) and suppose that each W ip
such that W ip,δ ⊂ W sp,δ, is dense in M (notice that by this, also W ix for ev-
ery x ∈ ∪n∈Nf−n(p), is dense in M), and define ξip,δs by canonical projections
pii(ξp,δ) → W ip in which W ip,δ ⊂ W sp,δ. Then for every W ip, limm→∞ f−m(ξip,δ) is
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dense in it and since each W ip is dense in M , limm→∞ f
−n(ξip,δ) is dense in M .
Thus limm→∞ f−m(ξp) is dense in M and therefore the set of pre-images of p is
dense in M . 
Due to the linear Anosov endomorphisms being transitive, the proposition above
gives us;
Corollary 17. Let A : Tn → Tn be a linear Anosov endomorphism where A is
an Anosov endomorphism of degree greater than one and eigenvectors of A define
dense geodesics in Tn then the set of pre-images of a periodic point is dense in Tn.
Proposition 18. Let f : M → M be an Anosov endomorphism, if the set of
pre-images of a point p ∈M under f , is dense in M then the points in W s(p) and
Wu(p) have dense sets of pre-images under f .
Proof. For all x ∈ W sp (p ∈M), Op ∈ ω(x). So if Op has a dense set of pre-images
in M then the set of pre-images of ω(x) is dense in M . Since ω(x) and following
that Ox are dense in M , then by lemma 6, the pre-images of Ox is dense in M .
Hence the set of pre-images of x is dense in the manifold. If x ∈ Wup , Op ∈ α(x)
and clearly if Op is dense or its set of pre-images is dense in M then x has a dense
set of pre-images. 
Proposition 19. Let f : M →M be a transitive Anosov endomorphism of degree
greater than one and for every point x ∈ M geodesics defined by eigenvectors of
Dfx are dense in M . Every point which is not periodic or its ω-limit set does not
have a dense set of pre-images in M , has a dense set of pre-images.
Proof. Suppose that x ∈M is a non-periodic point that also does not have a dense
orbit. For these points we consider ω(x). If int(ω(x)) 6= ∅ then by proposition 4,
∪n∈Nf−n(ω(x)) is dense in M and by proposition 18 the set of pre-images of x is
dense in M . If int(ω(x)) = ∅, by a procedure like in the Proof of Theorem 15 and
considering the pre-images of ω(x) instead of the pre-images of a fixed point, and
again by proposition 18 the set of pre-images of x is dense in M . 
To sum it up, by propositions 7, 18 and 19 and theorem 15 we have;
Theorem 20. Let f : M → M be a transitive Anosov endomorphism of degree
greater than one and for every point x ∈ M geodesics defined by eigenvectors of
Dfx are dense in M , then for every point, the set of pre-images is dense in the
manifold.
According to this and the proof of theorem 15, for product manifolds we also
have;
Corollary 21. Let f : M → M and g : N → N be transitive Anosov endomor-
phisms such that the pre-images of any point in M and any point in N respectively
under f and g are dense in M and N , then the pre-images of any point in M ×N
under (f, g) is dense in M ×N .
Proof. For every open set U ⊂ M , V ⊂ N and for every (p, q) ∈ M × N , since
∪n∈Nf−n(p) is dense in M , there is y1 ∈ (∪n∈Nf−n(p)) ∩ U and in the same way,
for (y1, q) ∈ {y1} ×N there is (y1, y2) ∈ (∪n∈N(y1, g−n(q))) ∩ {y1} × V . So for any
open set U × V there exists a point (y1, y2) in (∪n∈N(f, g)−n((p, q))) ∩ U × V . 
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For example for the product of a doubling map on S1 and the map B in the
example 2, the set of pre-images of any point in T3 is dense in the manifold. In this
way wee can define a collection of examples and non-examples by defining product
spaces of expanding maps on S1 and Anosov diffeomorphisms and endomorphisms
on arbitrary manifolds.
But what can be said about non-transitive Anosov endomorphisms? If we con-
sider an endomorphism f : M →M , according to Lemma 6 and proposition 7, first
we should find subsets of M in which f is transitive. In this matter by considering
just forward orbits of points in M , we have Smale and Bowen’s spectral decompo-
sition theorem that is introduced for hyperbolic endomorphisms by Sakai. There
are subsets in which there are points that their orbit is dense in those sets.
Denote the non-wandering set of f by Ω, we have;
Theorem 22 (Smale-Bowen Spectral Decomposition Theorem). [8] Let f : M →
M be an endomorphism. f(Ω) = Ω and f : Ω → Ω is an Anosov endomorphism,
there is a decomposition of Ω into disjoint closed sets P1 ∪ P2 · · · ∪ Ps such that;
• Each Pi is f−invariant and f restricted to Pi is topologically transitive.
• There is a decomposition of each Pi into disjoint closed sets X1,i∪X2,i∪· · ·∪
Xni,i such that f(Xj , i) = f(Xj+1, i), for 1 ≤ j ≤ n+ 1, f(Xni,i) = (X1,i)
and the map fni : Xj,i → Xj,i is topologically mixing.
Pis (i = 1, 2, . . . , s), introduced above, are called basic sets of f .
If the degree of f is k then there are k pre-images of each Pi and for every point
p ∈ Pi its set of pre-images is a subset of ∪n∈Nf−n(Pi) where by the notion in
remark 3, f−n(Pi) = ∪j1,...,jkPi(j1, . . . , jk).
If there are more than one basic sets then by considering f |Pis, according to
Lemma 6 and proposition 7, the set of points with dense set of pre-images is dense
in the set of pre-images of Pis ∪n∈Nf−n(Pi) where i = 1, 2, . . . , s. But the set
of pre-images of Pi cannot be dense in M because Pis are f -invariant; if x ∈ Pi
then Ox ∈ Pi then if f−1(x) * f−1(Pi) then there is y ∈ f−1(x) ∩ Pj (j 6= i), so
x = f(y) ∈ Pj which is a contradiction and we have;
Proposition 23. Let f : M →M be a hyperbolic endomorphism such that Ω(f) =
P1 ∪ P2 ∪ · · · ∪ Ps (s > 1) there are not any points with dense set of pre-images in
M .
Thus according to theorem 20, corollary 21 and the proposition above we have
the proof of theorem 1, our main theorem.
3. Appendix
Using the program MATLAB, here we have calculated and demonstrated the
pre-images of the point (0, 0) ∈ [0, 1] × [0, 1], respectively under B5, B10 and B15
of the linear endomorphism B =
[
3 1
1 1
]
in the Example 2. it shows that for each 
there is n such that B−n((0, 0)) is -dense in [0, 1]× [0, 1]. Hence the set containing
all the pre-images of the point, is dense in T2.
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